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Abstract. We investigate the minimization of Newton’s functional for the problem of the body
of minimal resistance with maximal height M > 0 [4] in the class of convex developable functions
defined in a disc. This class is a natural candidate to find a (non-radial) minimizer in accordance
with the results of [9].

We prove that the minimizer in this class has a minimal set in the form of a regular polygon
with n sides centered in the disc, and numerical experiments indicate that the natural number n > 2
is a non-decreasing function of M. The corresponding functions all achieve a lower value of the
functional than the optimal radially symmetric function with the same height M.

1. Introduction

There has been a recent revival of interest in Newton’s problem of the body of min-
imal resistance. In modern terms this problem can be formulated as the minimization
problem

. . dx

Here (2 is 2 smooth subset of IR?; the graph of the function U represents the form of a
three — dimensional body, and the functional F models the resistance experienced by
this body as it moves through a cloud of gas particles. We refer to [4] for a detailed
discussion of the mode!l and the history of this problem.

The form of F favours functions U with rapid oscillations. Because of this fact, the
choice of the class C of admissible functions is a delicate issue. A number of different
choices have been explored in the literature [4, 5, 6, 7, 2], but the most interesting
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one, from a mathematical viewpoint, seems to be
C = {U:0Q—[0,M]:U is convex} .

We shall adopt this definition of ¢ throughout the further discussion. The scalar
constant M > 0 is a parameter whose role will become clear below.

When  is a ball in R? — which we shall assume from now on — the function F and
the set C are rotationally invariant. Newton exhibited a function U [8] that is radially
symmetric and minimizes the functional F among all radially symmetric members of C.
This function is smooth and strictly convex, except on a circular set where its derivative
jumps (see Figure 1, the rightmost shape). For a long time it was implicitly assumed
that the minimizer of F among the whole of C is necessarily radially symmetric, and
therefore coincides with the function found by NEwTON. However, the symmetry of
the general minimizer was never proved, and in 1996 the converse was demonstrated
by Brock, FERONE, and KAwoHL [3]: when (2 is a ball, the minimizer of F over
C is necessarily non-radially symmetric. The proof consisted of remarking that the
second derivative of F, calculated at Newton’s function, had a negative direction that
was admissible. Therefore the functional was not minimal.

This result naturally opened the hunt on the true form of the minimizer. In [9] we
proved a first step in this direction:

Theorem 1.1. Let U achieve (1.1), and let w C Q be an open set. Then U is not
strictly convezr on w.

The class of non—strictly convex functions on (1 is still relatively large. In this paper
we jump the gun, and investigate the functional F on a much smaller set of functions
Cq. The set Cy4 is defined to contain all functions U € C such that the graph of U is
the convex envelope in IR? of the sets 82 x {M} and Ny x {0}, where

No = {ze:U(z) =0}.

Alternatively (and equivalently): U belongs to C4 whenever U is convex, takes values
between 0 and M, satisfies U (8t) = M, and has no extremal points in 2\ Ny. Figure 2
shows the contour lines of a typical function U. Note that for elements of C,4 the convex
set Ny completely characterizes the function.

The reason for considering this set of admissible functions is the following conjecture:

Conjecture 1.2. Let U solve (1.1). Then U € C4.

As supporting evidence for this conjecture we mention of course Theorem 1.1. In-
deed, if we know that U is of class C? in Q \ Np, then the conjecture follows from
a well -known geometrical property: any regular convex surface with zero Gaussian
curvature is indeed a so—called developable surface, and can be extended up to a sin-
gular line called line of striction. Unfortunately, no similar result seems to be known
for convex surfaces without any a priori additional regularity; moreover, if VU has
discontinuities in 2\ Ny, then U is only a piecewise developable function. This is why
the conjecture is still an open question.



Lachand - Robert and Peletier, Minimal Resistance for Developable Functions 155

In this paper we thus investigate the problem

nf F(U).

(12) UIECd

We obtain the following result:

Theorem 1.3. Let M > 0 be given. If U solves (1.2), then the set Ny is a reqular
polygon centered in Q.

This theorem is proved in two steps. In Section 4 we show that Ny is necessarily
a polygon. In Section 5 we show in addition that this polygon must be regular and
centered.

We have computed the value of the functional F' for the different regular polygons
(m = 2, 3, 4, etc.) with an explicit formula (see Appendix A). It turns out, from
numerical experiments, that there exists a decreasing sequence (M,) CN,n =2,3,.. .,
with My = 0o, with the following property: If M, 11 < M < M,, and if U solves (1.2),
then the set Ng is a regular polygon with n sides.

This can be seen in Figure 1, where the analytic curves formed by the value of F for
n-sided regular polygons are plotted; the optimal curve is a piecewise combination
of these. We have also shown in this graph the value of the functional for the radial
minimizer given by NEWTON.

The critical values M,, are given in Table 1.

Table 1: Critical values of Af for regular polygons.

Mz 1.179535875
My 0.754344515
Mg 0.561232469
Mg 0.447571675
M-, 0.372163842
Mg 0.318383452
My 0.278081912

2. The problem in C4

The members of C;y are completely characterized by their set No, and using the
convexity of this set we introduce a more convenient representation. Consider the
function U of which the contour lines are drawn in Figure 2.

We assume that  is the unit ball, and we denote by s the arclength coordinate
along 802 = S!, in the positive direction; z(s) is the point at 3, and let ¢(s) be the
tangent of Ny parallel to z'(s), as shown in the figure. We define u(s) to be the signed
distance of ¢(s) to the origin, i.e. u(s) = d(£(s),0) if ¢ separates 0 from z(s), and
u(s) = —d(£(s),0) otherwise. Then u(-) completely characterizes Ny, and to every
convex set Ny C €2 there corresponds a function u: S* — [-1,1].
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Figure 1: Value of the functional F for optimal regular functions; the thinner line up shows the value
for Newton’s radial minimizer. We plot the graph of U inverted, as a concave function, since the
human eye is accustomed to viewing objects fram above.
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We now express the convexity condition and the functional F in terms of u. If £(s)
intersects Np in one point, then we define y(s) to be this intersection point. If £(s)
has multiple intersections with Ny, then y(s) is not well—defined, and the function y
is discontinuous at such a point. Denoting the radial and tangent unit vectors at z(s)
by e-(s) and es(s), we have

u(s) = y(s)-er(s).

Hence v'(s) = y(8) - es(s) since 3'(s) - e,(s) = 0; and

u'(s) = y'(s)-es(s) —uy(s) er(s) = |y'(s)| —u(s)
implying
utu(s) = [y'(s)| = 0.

This is an important result: the condition u + u” > 0 (in the sense of distributions
on Sl) is equivalent to the statement that the corresponding set Ny is convex. In the
following we shall always assume that u satisfies this condition.

While discussing this point, note that since u + " = |y'(s)|, the distribution
u + u" is in fact a Radon measure. The support of the singular part of this mea-
sure coincides with the values of s at which y is not continuous, or equivalently, at
which £(s) intersects Ng in a line segment of non—=zero length. The value of the sin-
gular part of v+ w' at such a point is equal to the jump in y, which in turn equals the
length of the line segment. At all other points s the singular part of u + u' is zero,
and y is continuous.

On the straight line segment [z, y] the gradient of U is constant, and its length equals
M/({(z —y)-e) = M/(1-u). Hence, using the notation f(¢) = 1/(1 + |¢|*), we find

FU) = /g F(VU) dz

%-/.5‘1 f(O)y(s)Ayl(S)ds+%,[5~1f(I——MuE> (m"y)/\(iﬂ’+y’)(s)ds
= %f(o)/SIU(u+u'l)+%[Slf(%)(l_u)(l+u+ufl).

Hence since f(0) = 1, we have to minimize:

(2.1) F(u) = %/S U(U‘FUN)*F%[SIQ(I;[u)(1+u+u")
where

.'1:3
(2.2) P(z) = xf(l/z) = T o7

in the set X (—1,1), where we define
(2.3) T X(a,b) = {uweWh®(SY); a<u<b u+u’ >0}.

Note that (2.1) is meaningful, as integrals of a product of a continuous function and
a Radon measure.
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es(s) = z'(s)

a0 (U = M)

Figure 2: Parametrization of Ng.

It is sometimes convenient to write F in the form:

(2.4) 2F(u) = /\Il(u)(l +u+u') - /u
where
1—t tM? + (1 —¢)?
T(t) = t+M<I>(—M——) e
Integrating by parts, this can also be written in the form:
(2 F@) = 3 [ -
2 Jg1

where
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L  MEZ 4 (1 - t)?
nt) = —t+Q+)T(t) = AT
M2 M2_(1__.t)2

(M2 4+ (1-1¢)2)%°

Uty =

We shall also use
Ui(t) = T@) —-1.

3. An estimate of VU

In [4] it was proved that if U achieves (1.1), then |VU| ¢ (0,1). This fact is related
to the concaveness of f(t) = 1/(1+ ¢ ) near zero. The radially symmetric minimizer
Uy presented by Newton satisfies this condition, and in fact achieves the limit case:
close to Ng, |VU]| approaches the value 1.

The bound on u of Lemma 3.1 below is a reformulation of this result: since |VU| =
M/(1 — u), the inequality |[VU| > 1 is equivalent to

(3.1) u>1-M.

If Conjecture 1.2 were proved, then (3.1) would follow directly from [4]. Since we have
no proof for the conjecture, we state here an independent proof.

Lemma 3.1. Let u solve problem (4.1). Thenu > 1— M.

Proof. To force a contradiction we assume that u(sg) < 1 — M, and without loss of
generality we also assume that sg is a local minimurn of ©. There are two possibilities:
either v’ jumps at s = sg, or u' is continuous. We first consider the former case.

Note that u < 1 — M is equivalent to ¥'(u) < 0. For small > 0, to be chosen later,
we define % to be continuous on S, and to satisfy in addition

i =u on S'\(sp—7,50+7n) and 4w+ad" = 0 on (sp—7n,%0+7n).

The geometrical interpretation of 4 is that of a polygon similar to that of u, but where
the side corresponding to sgp is split into two sides, which are then slightly dented
outwards.

We set v = 4 — u, and require 7 to be small enough to ensure that ¥'(uz) < 0 on the
support of v. On the basis of (2.4) the derivative of € + 2F (u + €v) at € = 0 is given
by

(3.2) 2F' (u) v = /\IJ(u)v" -+ /‘I"(u)v(l +u+u") + /(‘If(u) — 1.

Note that since v > 0 and ¥(-) — 1 < 0, the last two terms are negative; in order to
obtain a contradiction we only need to show that the same is true for the first.

The function v is 2 Radon measure with zero integral, i.e. [v" = 0. The positive
part (v"”)4 is concentrated at s = sp £ 7. Noting the sign of ¥ we have ¥(u(s)) >
U(u(sp+n)) for s — 7 < 5 £ sg + 1. Therefore

/ T(up' = / (% (u) — ¥(ulso + M) < 0.
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This proves the Lemma for the first case.

We next turn to the second possibility, and assumne that »’ is continuous at s = s,
We choose 7 > 0 and define v(s) = [u(so + 1) — u(s)]+. Repeating the argument,
we again have v > 0, so that the last two terms in (3.2) are negative. By a similar
reasoning it follows that

/ T(u)" = / [T () — U(ulse + )" < 0.
This concludes the proof. : |

With this estimate we can derive a simple but useful convexity property. Remark
that translating the set Vg results in adding to u functions of the form v(s) := acoss+
bsins. Writing the functional in the form (see (2.1))

1—u

2F(u) = /:Slu(u+u”)+1\/[/51fb(_ﬂ——)(l—i—u—l—u”),

and differentiating this twice in the direction v we find

1 1l—u
2 s _ n{ > _ = "y, 2
2d°F(u) -v-v ML1¢<M)(1+u+u)v.

Since ®"((1—wu)/M) > 0 whenever 1 — M < u < 1, with a strict inequality if u < 1, we
find that F is strictly convex with respect to translations of the set Ng. This proves
the following corollary:

Corollary 3.2. If the set Ny has an axis of symmetry, then this set is centered in
Q with respect to this symmetry.

4. Ny is a polygon

In order to prove that Vg is a polygon we prove the following, more general, theorem.
Consider two numbers a < b, and the problem

(4.1) L P, where  F(u) = /S [ouls) — w()h(u(s))] ds

where X (a,b) is defined in (2.3). We assume that g, h € C%(IR), and
(4.2) h(t) > 0 for all t€ (a,b], h(a) = 0, g'(a) > 0.

Theorem 4.1. Let u be a minimizer of (4.1). Then the support of u +u" is a finite
subset of S'.

This theorem applies directly in our case by settinga=1-M,b=1,g=n,h=¥".

Proof. We assume, to force a contradiction, that there exist sequences (a,) C
(0,00), (8n) € S such that lima, = 0 and the intersection of the support of
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p = u+ u’ and (sn,8, + @n) is non—empty. Since S! is compact, the support
of 1 has an accurmnulation point in S'; we choose this point to be the origin of S*.
Let us first assume that u(0) > a; hence {u > a} is a neighbourhood of 0, and there
exists a constant ¢ > 0 such that hA(u) > ¢ in this neighbourhood.
For each € > 0, there exists 0 < €1 < €3 < € such that

(4.3) w(l) >0, i=1,2,3,

for each of the intervals J, := (0,&1), J2 := [€1,€2), Js 1= [g2,€). For i =1,...,3 and
€ > 0 given, let w; be the unique solution of the problem

wi(s) +wi(s) = up(s)xs, for all s € (0,e), and w;(0) = wi(e) = 0.

Then there exist (A;)i=y,... .3 such that v := Zle A;w; satisfies
3 3

(4.4) 0 = 2.(0) = > Nwi(0) and 0 = vi(e) = Y Nuwi(e).
i=1 i=1

We extend this function by zero outside (0,¢), such that v. is continuous at 0 and .
Hence there exists 7o > 0 such that u+ nv. € X for all n € [—no,n0]. Since u solves
(4.1), it follows that F"(u)ve - ve = 0, that is

0 < / g"(w)v? - 2h(u)vl? — du'h (w)vlv, — w' R (u)v?
Si
< / [¢" (w) + w'> R (u) + 2u"h'(u)]v? — 2h(u)v.’.
St

Let us note

e = |lg"(w) +uh"(u) + 2"h ()| gy s
such that

£
(45) 20/0 ’U;.2 < c “vellioo(SI) .
Since by the Sobolev embedding
”UE”‘iea(sl) < Cogf Uéz,
0

where ¢g does not depend on ¢, this contradicts (4.5) for small enough €.

Hence we have u(0) = a. Moreover, from the previous argument we know that the
support of u + u" is finite in any compact subset of {s € St : u(s) > a}. Since O is
not an interior point of the set {u = a} we can assume for instance that u(s) >ain a
right neighbourhood of 0, say (0, so). Then there exists an infinite decreasing sequence
(t,) with limit O and a summable sequence () C (0,00), such that the restriction of

u 4+ u” to (0, s0) equals ), andy, -
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For any given n € IN, n > 2, let us define the function v, as follows:

sin(s — tpy1) sin(tn—1 — tn) i 8 € (bny1,tn),
un(s) = [ sin(tp—1 — 8)sin(ty — tpe1) if 8 € (tn,tn_y),
0 otherwise.

One can easily check that v, is continuous and that the support of v, + vl is the
set {tn+1,tn,tn—1}. Therefore u & v, is admissible for € small enough: this implies
F'(u) - v, = 0

0 = F'(u) vp

/ o' () — (/)21 (w)] v — 2u'h(u)y
— / (g (w) + ()2 R (u) + 2u"h(u)] v,

= / [¢' (u) + (u')2R' (u) — 2uh(u)] vy + 2 /(u + u")h(u)vy, .

I

Taking into account that u +u"” =) ané;,, and vu(tp) = 0 if p # n, we find

—g'(a) — (v'(0+))2K(a) = 2a’1h(u}t32)vn(tfl) N ffxvzn
where

x(s) = g'(u) — g'(a) + (W)*K (u) — v (0+)%h'(a) + 2uh(u) .

Note that x has limit 0 in 0 since w'(¢+) is right continuous everywhere; hence as n goes
to infinity, [ Xxvn/ [ vn goes tozero. We also have [ v, /v (tn) = £ (fnt1—tn-1)+0(ts).
On the other hand, h(u(t,)) = f;™ A/ (u(2))w'(t) dt ~ h'(a)u'(0+) t, for n large. Hence
if we assume that ¢’(a) + v'(0+)?h'(a) # 0 we see that there exists ¢ > 0 such that

Tn + Tn—1

27
j=n
where Tj = tj_—l — tj.

However it is known that if (7,,) is a positive summable sequence, then 7, / 3 ion T
is not summable. (This comes by considering the step function k such that
k([n,n+1)) = 7; then define K (z) := [°° k. Thesum 3" (7, / > j>n Ti) I8 equivalent
to [*°k/K = [log(—K)]$ = 00.) We deduce that a, is not summable, a contradiction.

So we must have

g'(a) + v (0+)%h'(a) = 0.

Since we assumed g'(a) < 0, we find that h'(a) > 0 and u/(0+) # 0. Passing now to
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the second order derivative, we get, again writing 7; := ;1 — t;:
0 < F'"(u) vn-vp

= [ 10" + @) w) - 2un' )]

+ 2 / (u+ u"YA! (w2 — 2 / h{u)(v),)?
= O((a+ ) + 2R (u(ta)n(in)® — 2 [ B()(0L)
= o((Tn + Tnt1)*) --Q/h(u)(v,'l)2

taking into account that v,(t,) = sinTpsin7,y+; and lima, = 0. We recall that
h(u(s)) ~ h'(a)u'(0+)s as s goes to zero; hence

tn—1
o+ 7)) 2 [ AL ~ B @04t [ ey

tnti
~ h’(a)u’(O—i—) tnTnTn+1(Tn + Tny1) -

Since h/(a) > 0, we conclude that u/(0+) < 0, and therefore u is not minimal at 0, a
contradiction. a

5. Polygonal functions and symmetry

We will now prove the following result:

Theorem 5.1. Among all functions whose minimal sets Ng are polygons, only the
reqular ones centered in Q (i.e. Ny is a regular polygon with center 0) are stable
critical points for the functional F'.

We shall say that a function u : S' — IR is polygonal of order m (m > 1 integer) if
it satisfies:

m
(5.1) u+u' = ) b,
k=1

in the distributional sense, for some numbers oy, > 0, and different s € St (J,, is the
Dirac measure at s;). In the following, the numbers s, are assumed to be ordered in
S1, for instance —7 < s; < §2 < --- < 8§y < w. It is convenient to uses indices modulo
m, so that for instance sg := sy, and spmy1 == 81.

Equation (5.1) implies the compatibility condition

m
(5.2) Zakeisk = 0.
k=1
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This can be proved by integrating u + u” against cosine or sine functions. Note that,
since u is continuous and satisfies (5.1), we have

(5.3) up(se) = wp—1(sk) and up(sp) = ap +up—1(si).

We then have:

m

D onl(u(sy)) + Z/“H @ar(uk(s)) ds,
k=1

where ®(z) := M® (1) = ¥(z) - .

The proof of Theorem 5.1 is given in the rest of the paper. Note that the case
m = 2 can be easily achieved right now. This corresponds to a line segment for Ng;
by Corollary 3.2 it is centered in Q as claimed. The corresponding function u has the
form u(s) = p|cos(s — s1)| for some s; € S*.

2F(u)

i

5.1. Alternative parameters

We give some alternative sets of parameters that are useful for new expressions of
the functional. Each function uy satisfies ug + u} = 0 in (8, Sk+1). Hence we can
express it in the form

ur(s) = prcos(s — b)

with g > 0 and 8 € (s — 7,8k + 7). Let us define gy := 0 —s¢ and by, := 8g41 — k.
We have by assumption

(5.4) 0 < ap = u(sk) —uk_1(sx) = wmpsinag + pe—1sinbg—; .

For the value of the functional we get:

m m by
2F(u) = Z(,uk sinag + fg—1 Sin bk_l)\Il(u(sk)) + Z / @ pr(pr cost) dt
k= '

=1~k

= Z;LLSIII(LL‘I’(U 3x)) +Z/.LLSIIlbk‘I’( u(sk+1))
k=1 k=1

From their definitions we have

(5.5) up(sy) = prcosar = Up—1(Sk) = pr—1COSbg—1
hence

m
(5-6) 2F(u) = 2m+ ) K(ur,ar) + K (ux, bi)

k=1
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Figure 3: Value of K{x, p), for M = 1/2.

where (recall that @ (z) = U(z) — z):

T
K(p,z) = usinx(lI!(,ucosa:)——l)+/ U(pucost)dt —x
(5.7) 2 °
= psinzx \I!l(;ucosm)—l—/ U, (pcost) dt
0

where we used the shortcut notation ¥y := ¥ —1. The additional term —x is permitted
since we add 27 in F and take into account that 27 = Y (sg4+1 — Si), that is

m
(5.8) 2r = Z br + ay .
k=1

The previous expression can be used to compute the value of the functional, since
the integral can be expressed analytically with respect to M, u, and z, through a
complicated expression given in the Appendix. Figure 3 pictures this function for
M = 1/2; for other values, the picture is similar.

5.2. Bounds on the s

While the formulation of the function v above in terms of the functions u; allows a
relative freedom in choosing the values of s, there are limits to this freedom. This is
the content of the next Lemma.

Lemma 5.2. Let u be an admissible polygonal function, described by (5.1). For
every k, sy — Sp—1 < w. If sy — 8p—1 = m for some k, then m = 2, and No is a
segment.
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Proof. Suppose that m > 2, and that s; — sp > 7, so that (so + 27) — 5y < 7. The
operator Au = —u — v satisfies the maximum principle on intervals of length less
than m. Considering the interval [s, so + 27, we note that u; solves Au; =0, and
u satisfies Au < 0, and the two are equal on the boundary. It follows that u; > v,
and therefore u'(s1—) = wui(s1) > u'(s1+), with a strict inequality if w # u,. This
contradicts the positivity of u + u".

We might note that one could also use a geometrical argument: the section (sx_1, s)
corresponds to a vertex of the polygon Ny (see Figure 2). The values of s;_; and s
correspond to the directions of the sides of the polygon on either side of the vertex,
and the corner formed by the two sides has an internal angle of m — (sg — s5_1). If
Sg — Sg—1 > m, then this angle is negative, and therefore 1 does not correspond to a
well — formed set Nj.

If s; — sg = m, then u(sy) =u(sp) = 0. Applying a similar argument to the interval
[so + 27, 1], we find that w = p' sin(s — s1) on [so + 27, 51] for some u' € IR. It follows
that m = 2 and that Ny is a segment. Q

5.3. Derivative jumps are symmetric

From now on, we assume that u is a minimizer of F'.

Lemma 5.3. Suppose that m > 3. Then for each k we have
u'(sp+) = —u'(sp—).

Proof. We prove the result for ¥ = 1. In order to shorten notation, we write
zp = u(sy), and yi = i (s1) = W (s1+4), ¥ = uh(s1) = u'(s1—). Note that since
m > 3, by the previous Lemma, so — 81 < 7 and 871 — 89 < 7.

Let £ 3 0 be given. We define d; := (u1(s1 +¢€) —uo(s1 +¢€)) /e and dp == (y —y7);
one easily checks that d. = dg + o(1) for small € since uy(81) = z; = ug(s1).

Let us consider the function vg such that vg + v§ = 0, vo(s2) = 0 and v(s1) = do.
For € # 0 we also define ve by v, +v) = 0, ve(s2) = 0 and ve(s; +¢&) = d.. Here again,
we see that v. = vg + o(1) for £ small enough.

We consider the function u® defined as follows:

UD(3) if se (30331 + E) )
u®{s) = qui(s) —ev(s) if s€(s;+¢,89),
u(s) otherwise .

(Observe that u° is continuous by the definition of v..) We note that u® is admissible
for any small enough €. Hence F(u®) > F'(u) since u is a minimizer. We note that
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by (2-4)

2F(uf) = /81+E(\I; — id)(ug) + /Z (T —id)(u — eve)
+ . [O(w)(1+u+u")—u
8240

+ T(u(s1 + €)) [ (51 + &) — evl(s1 +&) — uh(s1 + )]
+ T(u(s2)) [uh(s2) — ui(s2) + evl(sz2)] .

We recall that ug(sy) = 23 = uy(s1); hence f;lﬁ'e T(ug) — ¥(uy) = o(e). Moreover,
since u; +u! = 0, we have u)(s1 +€) — up(s1 + &) =y —yi +O(e?). We also have:

U(uf(sy +€)) = Tlug(sy +¢)) = ¥(z) +eP'(21)y; +o(e).
This yields

o
IA

F(u®) — F(u)

< ole) —¢ /82[‘3'(%1) — v + ¥’ (21)y7 (v — v7)

81

— eP(z1)vg(s1) +e¥(z2)vg(32) .

Since this holds for any £ small enough (positive or negative), we get

(5.9)  ¥(a)yi (31 —w) = /:2 [¥'(u1) — 1Jvo — T(21)vg(s1) + ¥(z2)vp(s2) -

We briefly consider the possibility that ¥/(z;) = 0. The integral in (5.9) is negative,
so that we then find
—W(z1)vg(s1) + ¥(z2)vh(se) > 0.

A simple argument using the concaveness of vg and the monotonicity of ¥ shows that
this inequality is not satisfied. This proves the Lemma if ¥'(z;) = 0.

We continue with the case ¥'(z;) > 0, and consider the variation which is analogous
to the one above, but with s, replaced by sp. Beginning with the function wg such
that wo + wg = 0, wo(se) = 0, woe(s1) = do, and operating exactly the same way in
the interval (sg, s1) we get similarly:

S0
(5.10) O'(z0)yi {wr — o) = / [9'(uo) — L]wo — (z1)wy(s1) + ¥(z0)wg (s0) -
Finally let us consider the function
'I.L()““E'LU()(S) if s€ (30131)a

i(s8) = Quy —evp(s) if s € (s1,92),
u(s) otherwise.
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Here we also have an admissible function, since vg(z1) = wo(21). Applying a first
order variation argument again, we find that the right —hand side of (5.9) and (5.10)
are just opposite. This yields

(o) [(57)" - (7)) = 0.

Since y;” # y; by assumption (' is not continuous at s1), and ¥'(z,) > 0, the proof
is complete. O

5.4. Proof of Theorem 5.1

From Lemma 5.3 we have for each k, pgsinay = pr—1sinbiy_,. Combining with
(5.5) we get
pr = pg—1 and ap = bg—1
in that case. Hence the functional can be expressed with respect to the unique pa-
rameter g (the common value of all p) and to the ag, subject to the condition

m
E ap = T.

i=1

The derivative jump at sy is given by ugsinag + pr—18indg_1 = 2usinag, and the
convexity condition u + u” > 0 therefore implies that ar € [0,7]. The functional itself
is just > K(u,at), hence for the minimizer there exists a Lagrange multiplier v such
that

oF

(5.11) el Ko(p,ap) = v

for all k. On the other hand we have from (5.7):
(5.12) K(uz) = (1 +pcosz)¥;(pecosz) — p? sin® o ¥/ (pucosz) .

We now have to prove that all a; are equal. We first prove an intermediate result:
(5.13) Ki(maw) = v < Kb(s,0).

Indeed, consider a small number £ > 0, and a function u® characterized by (m + 1)
sides with parameters af, = b5_; = ax +day, for k=1,...,m, and af,, |, =}, =&
pi, = pfor k = 1,...,(m + 1). This function satisfies the constraints if we assume
that ) dar = —e. We then have

m

Fuf) = Flu) = > [K(uaf) - K(u,ar)] + K (u,¢)
k=1

= Z K. (1, ar) dax +eK'(u,0) + o(g) .
k=1

We already know from (5.11) that K. (u,ax) = - for all k. Since we have F'(u®) > F(u)
for all € > 0, we get (5.13).
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-0.5 1

Figure 4: Value of (m — 1)K (u,z) + K(u, 7 — z(m — 1)) for M = 1/2, m = 4.

The function =z — K. (u,z) is explicitly given by (5.12). We can normalize the
function K by subtracting K. (1,0): note that this adds a constant to F', so that this
does not change the nature of the problem; for this normalized function, still noted
K, we have K (u,0) = 0. From (5.13), the only values of interest in the following are
those such that K < 0; this corresponds to an interval [0, Z]. One can easily check
the following properties: if y is small, then K/ is an increasing function on (0, 7; if u
is larger than a critical value (depending on M), then on (0, ] this function is strictly
decreasing, then increasing. (This last property is proved in Appendix B.)

From (5.13) we see that p must be larger than the critical value indicated before. In
that case, the function K (u, -) attains a strict minimum zq € (0, 7) and the equation
Kl (u,z) =7 < KL(u,0) has two solutions 1, z, satisfying

(5.14) 0 € 21 < g < 72 < 7 and K (u,z1) < 0 < K (4,x2)

(except in the special case K (1, z) = K. (u,z0)). That gives two potential values for
the ag.

It easy to check that at most one ar can be equal to ;. Indeed, we just have
to consider a small variation in the form a; = ay + &, @s = as — &, and we find
K (p,a1) + K. (1,a2) > 0 for a minimizer.

Hence we have to choose between two possibilities: either all a; are equal to 7/m
(regular polygon), or all of them except one are equal (say to a number z = z3),
and the other one (z; = w — (m — 1)z) is different; z; and zo satisfy (5.14) and
Ki(u, ) = KL(i2,x2). We can catch both possibilities by minimizing

G(p,m,z) = (m — 1)K (u,z) + K(p, 7 — (m — 1))

with respect to i € (0,1), m € N, and = € I,,, given later. If the minimum satisfies
x = m/m, then all ay are equal; alternatively, if z # m/m, then the a; are different.
The set I,, of admissible values of z is given by I,,, = [7/m,7/(m —1)). This results
from the following argument. Clearly m/m € I,,; we do not need to take into account
values ¢ < w/m, since by (5.14) z; =7 —(m — 1)z < z2 =z; and £ > 7/(m — 1)
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corresponds to x; < 0, which is also excluded, as mentioned above. Moreover we can
restrict, from (5.14), to those values of (1, m,x) such that K (u,z) > 0. Since K/
vanishes at most once in (0, 7) (cf. Appendix B), it is positive at least at one end of
I,- That is either

Kl (p,w/m) > 0
or KI (uym/m) < 0 and K[ (u,7/(m—-1)) > 0.

&

The function G is pictured for M = 1/2, m = 4, in Figure 4; there is a clear minimum
in this case with z = 7 /4, corresponding to a regular polygon for Ny. Notice that G is
not convex with respect to z (though we already know that it is convex with respect
to f1).

If (1, m, x) minimizes G, then z also minimizes the restricted function x — G(u,m, x)
for these specific values of x4 and m. With this remark in mind we fix x and m for the
remainder of the proof, still assuming (5.15).

We will use the following lemma:

Lemma 5.4. Let m > 2 be an integer. The equation G’ (p,m,z) = 0 has at most

two solutions for x in the interval I,, = [-”751-, ;—rf’_—l) Moreover, if (5.15) holds with

K7 (pym/m) <0, this equation has only one solution.

The proof of the lemma relies heavily on an analytic expression of G7; it is given in
Appendix B. We continue here with the proof of the theorem.

One of the solutions is z = w/m; if K (p,w/m) <0, then it is the only one from
the lemma, but it is not a minimizer: this is a contradiction since we assumed the
opposite about (m, u).

Let us now assume that K (¢, 7/m) > 0. Then G attains a strict local minimum
at x = w/m. Therefore, if G, vanishes only once in I,,,, then G is increasing on I,
and the Theorem is proved.

Alternatively, if G|, vanishes at some other point &’ € I, (z' % m/m), we deduce that
GY.(u,m,z') < 0 since G is an analytic function of z. Hence 2’ is a local maximum
of G (or possibly an inflexion point if G = O). So in any case, G does not have any
other minimum in the interior of [,,.

This ends the proof of Theorem 5.1.

Appendix A: Analytic expression of the functional

We give here some indication on the way to compute explicitly the integral in K,
or more precisely:

(1 — pcost)
+ (1 —pcost)?

T T
, -2 _
I(M,p,z) == -M /0 Ui(ucost)dt = /(; e

Even with Maple, this does not come straightforwardly since the integrand is quite
complicated. Anyway, one can see that it depends only on 2 cost = e* + e~i. So we
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can look for a primitive function in the form J(e®**). We then have

i 2z — pu(l + 22)
422 M2 + (22 — pu(l + 22))2°

izJ'(z) = 2

Since the roots of the denominator can be expressed easily, we can find J. The more
complicated part is to go back to a real function. At the end, we get

I = cjarctan Sin z cos & + ¢, log 1 —sinacos(f — z)
- cosx — sin c cos 3 r 8\ T - sinacos(8 + )

where

cos o cos? 3 1 sin 23

c = - - and ¢, = — - -
cos? a + sin? asin® 8 4 cos? @ + sin® asin? B

and the parameters a, 8 are linked to M, u by the relations

V2cosa = /1-M2—12+v, +2sina = V/M2+pu2+1—v,
V2pcosf = M2+t +1—v, V2using = /i -M2-1+v

with

v = /(14 M2)2 —2u2 4 2u2 M2 + pt .

Appendix B. Proof of Lemma 5.4

From formula (5.12), K depends on z only by the value of cosz. More precisely,
we have K (u,x) = Q(cosc) + constant (the constant was introduced by the normal-

ization) where
2222 M* — P M+ M2 — p2)2(1+ p2) + (1 — pe)t
(M2 + (1 - pz)?)’ '

Q(z) =

With this notation, the derivative of G is
GL(m,z) = (m—1)[Q(cosz) — Q(— cos(m — 1)x)].

Let us first assume that m = 2. Then GL(2,2) = 0 for z # 7/2 implies Q(z) =
Q(—z) for some z € (0,1]. Let us prove that in fact Q(z) < Q(—z2) for all z € (0, 1].
From the previous expression of @, we get Q(z)—Q(~2) = —zuM?P(2?) /[D(2) D(-2)]
where D{z) is the (positive) denominator in the expression of ¢, and

P(Z) = (p* —4p*M? - p®) 22
+ (= 2p® — 42M* + 2p M2 4 2pt — 2P M) Z
+ 2M?2 41+ 3u2M* + 2u2M? + M* — 2.
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So we have to prove that P(Z) > 0 for all Z € [0,1]. Note that this inequality holds
at 0 and 1:

PO) = 2M? + 312 M* + 2 M?2 + M* +1 - 1% > 0,

P) = (1—@)M+2M*(1- )+ (1-p2)° > 0.
The derivative of P vanishes at Z,,, = A/B where

A= 2M*+(1-p®)(1+M?) > 0
(recall that p € (0,1)) and
B = —p?(—1+4M> 4+ p?).
We observe that
A—-B = 2M* +3p°M? + M2 +1-2u2 + u* > 0

hence either B < 0 and Z,, < 0, or B > 0 and Z,, > 1 since A > B; in either case,
P does not have a local extremum in [0,1]. It follows that P > 0 in [0,1], and this
proves the lemma for m = 2.

Let us now assume that m > 3, hence cos(m — 1)z < 0 in I,,. Here G/ (m,z) =0
with = # w/m, o € I, is equivalent to the existence of a solution of Q(z1) = @(22),
with z; and zo in [0,1], 21 # 22. We will prove here that in [0, 1], either @) is monotonic
or Q' has only one root. In the first case, Q(z1) = Q(z2) implies z; = z,. In the second
case, if a solution z # 7/m of G}, = 0 exists, it is unique since the functions cosz and
cos(m — 1)z are monotonic in f,,. This will prove the first assertion of the lemma.

So we have to count the number of zeroes of Q' in [0, 1]. We have

2uM?2N (z)
(M2 + (1 - pz)?)?

Q'(z) =

with
N(z) == (—p®+ p® — 23 M?)2°% + (3p* — 3u?) 22
+ (33 M2 — 3p® + 3p + 3uM® + 2uM*) 2z + p® — 3puPM? — 1 - M2,
We only have to count the zeroes of NV in [0,1]. We will use the Theorem of FOURIER
and BUDAN [1, page 173], an improved version of the Dirichlet criterion, which asserts

that the number of zeroes of the polynomial N in [0, 1] cannot exceed |v(0) — v(1)},
where v(z) is the number of changes of signs in the list

£(2) = [N(2),N'(2), N"(2), N"(2)].
Now we have

00) = [ —1-3u>M? - M?, 3p(p®M® + 1 — p® + M?) + 2uM*,
6p?(p® — 1), 6u3 (1 — p? —2M7)].
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We recall that p € (0, 1), so the signs in this list are [—, +, —, gp] where o is the sign
of 1 — p? —2M2.
Next we have

N'(1) = p[3M2(1 - p?) +2M* +3(u+ 1)1 —w)?3] > 0,
also
N"(1) = 6p?[-2uM? — (p+1)(u—1)2%] < O,

and obviously N'(1) = N'"(0). The signs in the list £(1) are [o1, +, —, 0p] where o4
is the sign of V(1). We see that v(0) = v(1) if o1 <0, and »(0) = 1+ v(1) if o1 > O.
We get |v{(0) — »(1)| < 1; this ends the proof of the first assertion of the lemma.

We now turn to the second assertion, assuming that ) is not monotonic (otherwise
there is nothing to prove), and assuming (5.15) with K/ (u, w/m) < 0, or equivalently
m/m < zo < w/(m — 1) (we recall that zo is the root of K/ ; we have 2y = cos zp,
where 2y satisfies N(zp) = 0). Notice that, from our previous study, we must have
N(1) > 0 in order to have a root for N in (0, 1], that is

. 2
(5.16) M2 > M2 o= Y '“)2;1‘*“).

Moreover, @ is decreasing in [0, 29] and increasing in [z, 1].
We will prove later on that

(5-17) for all A e€(0,20), Qzo+h) > Qza—h).

Let us explain first how we can deduce the second assertion of the lemma from this.
Let ¢ € (n/m,w/(m—1)) be given, and 2’ := 71— (m—1)z < w/m < zy. If z < =z, then
cosz’ > cos = > cosx > zp and therefore Q(cosz) < Q(cosz') since @ is increasing
in [zg, 1]. This implies K7 (u,z) # 0.

Let us now assume that & > zg. Since m > 3 we have

(5.18) 1+ cos — > 2 cos = .
1 m

(Indeed equality occurs for m = 3, and for m > 4 we have

2 2 4
T T T T 7
- T s T __Y-2(1-
1+(:osm__1 2(:09.m > +(1 2(m—1)2> ( 2m2+24m4)
2 m? w2
= I _(2- —~
2m? ( (m —1)2 6m2)

> 0.)

T
cosz + cosz’ = cosx —cos(m — 1)z > 2cos~n—2— > 2zp;

Now (5.18) implies
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this follows from remarking that the map y — cosy — cos(m — 1)y — 2 cos Z is concave
in I,,, (the second - order derivative is negative), vanishes at y = 7 /m, and attains the
nonnegative value 1 +cos =+ —2cos Z- at y = w/(m — 1). Therefore, if we write cos
in the form 29 — h (h € (0, 20]), we have cosz’ > 20 +h, hence Q(cosz’) > Q(z +h) >
Q(zo0 — h) = Q(cosz) using (5.17). This proves that K'(u,z) # 0 as claimed in the
lemma.

We finally need to prove (5.17). A computation of 6Q = Q(z0 + h) — Q(z0 ~ h)
gives a complicated formula for a general zg. But since 2o satifies @'(z0) = 0, we have
§Q € O(h*) for small h. An exact computation gives the formula

urAh? +4M2B
D(zg + h)D(z9 — h)

6Q = AM?*p3h®
where
A = pzg— plzg — 2M2pzg + 4M? — 1+ p2,
B = —2u22% + M?uzo + 2ulz0 + M? + 2uzg — 2142
Hence it is sufficient to prove that A > 0, B > 0 for all (M, u) such that g € (0,1)

and M satisfies (5.16); here z; is implicitly determined with respect to (i, M) by the
equation N{zg) = 0, that is:

0 = (“3 —2M? 3 -—;P)zg + (-— 3u? + 3u4)z§
+ (3u+3uM? + 302 — 3u® 4+ 2uM*Y) 2o — IMZp® — 1+ 4® — M2,

It is sufficient to prove that 4. B # 0 for all values of (u, M), since one can easily
check that A > 0, B > 0 for some of these values: for instance, as u — 1, we have
20— 1, and then A = 2M? >0, B = 2M2.

In order to take into account (5.16), we write M? in the form M2/t, hence t € (0, 1].
Then we have A - B = (1 — p)(1 — p?)C with (we write z instead of 2 from now on):

C = (—p* —5ubt —4p®e® + pi® — 4p*t® — 1145 + pt — p?) 2?
+ (8ut? + 18p%t — 3u? + 3p* + 3u + 8utt? — 38 + 14/,L2t)z
+ 2ud — 437 —4p%t? — 20— 247 +2 — 13u%t — 3ut.
Since z is a root of N, we also have

0 = 2u(pz — %% 4+ (p— Dpz — 1) (2222 + 2uz — 3p% — 1)t — (e + 1) (1 — 1)32.

This is an equation of degree 2 in ¢. Substituting ¢ = 0 gives the value (u+1)(1—p)32 >
0, and t = (1 — p)/(1 — pz) gives the value (u — 1)?(z — 1) (2p?2 + 1 + 2u + 3p?) <0,
hence there is always a root in [0, %5‘%] , the other one being negative. This root can
be expressed as follows:

2u?z% 4+ 2uz —3u® —1+7
dp(pz — 1)2

t = (1-p)
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where 7 1= \/4utz? + 8323 — 4utz? — 20uBz + 4uz + 9ut 4+ 6u2 + 1 — 8u222. Substi-
tuting £ = ¢; in C, we get 4C = (ar + )(1 — u)/(1 — uz)? with

a = 22u32 —9u? — 15p22% — pt2? + 10puz —6pt —1,
B = 2ub2* — 1822 + 1845 + 221523 — 8652 + 76t 2 + 33ut — 34ultat
+10p32% — 5032 + 4p® + 21u22% — 24p2 + 9.

Hence C = 0 implies a?r? — g2 = 0, which is a polynomial expression in (u,z) of
the form 0 = 16(1 — u2) (1 — p2)?p,p, where

i

M 4pP2% + 5 — 1lpz + 32 — 13z,
po = Adpfe* — 3uP2% — 3% £ 3ut2? P2 — 2Pz - OB — pz+ Gut 4+ p 1.

If we define y := uz, we have y € [0,1), and
P2 = (6—-23;);,4"‘—}—(-—31/3—1—1—}-33/2 —9y)p? +4yt -y —y+ 7+ 1.

The discriminant of this polynomial with respect to u2 is (9y +23)(y+1)%(y —1)% < 0,
so pg # 0.

Similarly we have p1 = (3 — y)u? + 4y? + 5 — 11y, hence p; = O implies p? =

(4y% +5 — 11y) /(y — 3). Then we get pu? —y? = (5 — y)(y — 1)?/{y — 3) < O which is
a contradiction since y? = u?22 < p?.

This ends the proof of the lemma.
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